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We investigate electrostatic stability of charged droplets, modeled as permeable, charged spheres,
and their encapsidation in thin, arbitrarily charged nano-shells, immersed in a neutralizing asym-
metric electrolyte background. The latter consists of a small concentration of mobile multivalent
counterions in a bathing solution of monovalent (positive and negative) ions. We use extensive
Monte-Carlo simulations to investigate the spatial distribution of multivalent counterions and the
electrostatic component of their osmotic pressure on the bounding surface of the spherical nano-shell.
The osmotic pressure can be negative (inward pressure), positive (outward pressure) or zero, de-
pending on the system parameters such as the charge density of the droplet, the charge density of the
shell, and the electrolyte screening, which thus determine the stability of the nano-container. The
counter-intuitive effects of multivalent counterions comprise the increased stability of the charged
droplet with larger charge density, increased stability in the case of encapsidating shell of charge
density of the same sign as the charged droplet, as well as the possibility to dispense altogether
with the encapsidating shell, its confining effect taken over by the multivalent counterions. These
dramatic effects are in stark contrast to the conventional mean-field picture, which in particular
implies that a more highly charged spherical droplet should be electrostatically less stable because
of its larger (repulsive) self-energy.
I. INTRODUCTION
For some time now viral proteinaceous capsids have
been stripped off of their purely biological context and
genetic cargo, and are being considered simply as nano-
platforms with interesting applications in materials sci-
ence and/or biomedical engineering [1]. Pre-assembled
capsids can be used as templates for chemical engineer-
ing performed at their outer surface, their inner surface,
as well as at the interface between protein capsomere sub-
units in order to construct multifunctional nano-reactors
with catalytic walls [2]. In a complementary approach,
unassembled capsid protein subunits can be used in order
to encapsidate, i.e., self-assemble a protein cage around
an existing non-genetic cargo that has been suitably en-
gineered in order to control the capsid (dis)assembly and
to target the cargo delivery [3].
Viral capsids and virus-like particles can be further-
more used as nano-scaffolds that allow for engineered en-
zyme selectivity and enzyme confinement enabling the
precise positioning of enzymes on nano-arrays at high
resolution, unavailable without this nano-scaffolding [4].
These enzyme nano-carriers based on viral capsids would
thus allow us to mimick the optimized enzyme position-
ing otherwise accessible only within the natural biological
milieu. While these nano-platforms are based on pre-
assembled or co-assembled hard-shell proteinaceous con-
tainers, the chemical identity of the shell can be modified
∗
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in order to control the fine-tuning of chemical reactions
in self-assembled nano-reactors [5].
Vesicles and soft-shell liposomes composed of lipid
or surfactant amphiphile building blocks, and block-
copolymer or dendrimer polymersomes, can just as well
provide the necessary scaffolding and compartmentaliza-
tion for chemical engineering on the nano-scale. In the
final instance, one can simply eliminate the hard and/or
soft shell altogether by confining the nano-chemistry to
femtoliter and subfemtoliter aqueous droplets in oil [6].
The properties of this nano-droplet confinement, their
small size, simple manipulability, and fast mixing, can
all be engineered in order to enable analytical nano-
chemistry and/or enzymology at conditions that would
be difficult to achieve much less to control otherwise.
While the architecture and physicochemical proper-
ties of all these nano-platforms are obviously varied, one
common feature is that quite generally all these molec-
ular nano-assemblies are composed of charged molecules.
Therefore they usually respond strongly to changes in
the bathing solution pH, its ionic strength and/or ionic
composition, that together set the range of stability of
these (self-)assembled molecular aggregates as quantified
by the magnitude and sign of the osmotic pressure act-
ing on the boundary of this molecular container. The
response to variation in the parameters characterizing
the bathing solution and the ensuing stability phase di-
agram are at least in part due to the intricate physic-
ochemical environment composed of protein zwitterions,
amphiphiles, monovalent counterions and added multiva-
lent and monovalent salt ions.
2In order to understand or even just to identify some
of the salient features of this response, we analyze the
mobile charge distribution and the emerging equilibrium
of osmotic forces on the boundary of a spherical nano-
container with charged (molecular) cargo, in the pres-
ence of various types of bathing ionic species. This
setup presents a very sophisticated version of a confined
Coulomb fluid [7]. We shall employ extensive Monte-
Carlo (MC) simulations based on a coarse-grained model
that can capture the essential thermodynamic and elec-
trostatic aspects of this system. The enclosed cargo is
modeled as a spherical volume of charge, which we shall
refer to as a “charged nano-droplet”, and may or may not
be encapsidated in an arbitrarily charged, thin “nano-
shell scaffold”. These two subunits together constitute
a nano-container characterized by volume as well as sur-
face charge density (note that a charged cargo may have
a surface charge density itself without the presence of a
charged encapsidating shell). This nano-container is as-
sumed to be permeable to and immersed in a neutraliz-
ing and asymmetric bathing electrolyte solution, consist-
ing of a small concentration of multivalent “counterions”
(with opposite charge to the droplet’s volume charge) and
a monovalent salt background (with positive and nega-
tive ions). The presence of mobile as well as fixed charges
in the core or on the boundary of this nano-container de-
fines the magnitude and sets the direction of the resultant
osmotic forces acting on it surface, thus strongly influ-
encing the stability of a nano-droplet with or without an
encapsidating shell.
The most remarkable features of this system emerge
when one deals with a highly asymmetric electrolyte in-
volving multivalent counterions with large charge va-
lency (e.g., tri- or tetravalent ions). Multivalent counte-
rions that are strongly electrostatically coupled to fixed
charges are known to generate strong electrostatic cor-
relations, which lie at the core of recent developments
in the theory of highly charged macromolecular systems
[8]. The effect of multivalent counterions is known to un-
derlay a whole slew of counter-intuitive phenomena such
as formation of large condensates of DNA [9–12] or its
dense packaging in viruses and nano-capsids [13–17], for-
mation of large bundles of charged polymers such as mi-
crotubules [18] and F-actin [19, 20] and other like-charge
attraction phenomena [8, 21–25] still not completely un-
derstood in all their details. These studies have led
to a major paradigm shift in our understanding of the
behavior of strongly coupled Coulomb fluids from the
century-old Poisson-Boltzmann (PB) framework [26, 27]
to a novel strong-coupling paradigm (see Refs. [8, 21–25]
and references therein) providing the conceptual back-
ground uniting all these various features.
In what follows we show that a host of counter-intuitive
phenomena that go beyond the conventional PB wisdom
emerge also in the context of charged nano-containers in
the presence of multivalent counterions. For instance, we
show that a charged droplet with higher volume charge
density can be stabilized more strongly in the presence of
multivalent counterions, in stark contrast with the naive
expectation that it should be destabilized by its self-
repulsion. It also turns out that such a highly charged
droplet can be stabilized with multivalent counterions
even in the absence of any encapsidating shell, and that
its encapsidation is favored to occur more easily (i.e.,
with a lower free energy) with a like-charged encapsidat-
ing shell than with an oppositely charged one! These
effects are accompanied by an enhanced accumulation of
multivalent counterions inside the charged droplet where
they form a strongly correlated structure with impor-
tant repercussions for the osmotic pressure acting on the
boundaries of the system.
The organization of the paper is as follows: In Section
II, we introduce our model and simulation methods. We
then present our results for the distribution of multivalent
ions across the charged droplet in Section III and then
analyze the resultant electrostatic pressure acting on the
outer surface of the droplet (or its encapsidating shell, if
present) in Section IV and finally, conclude our discussion
in Section V.
II. MODEL AND METHODS
Our model consists of a spherical volume of radius R,
which is filled uniformly with a charge distribution of vol-
ume density ρ. This “charged nano-droplet” may in gen-
eral have a finite surface charge density σ of its own, or
it may be encapsidated within a thin charged “nano-shell
scaffolding” forming a charged spherical nano-container
(Fig. 1). We shall consider both bare droplets with
σ = 0 or encapsidated ones with a non-vanishing σ.
The spherical nano-container is considered to be im-
mersed in a monovalent 1:1 salt solution of bulk concen-
tration n0 and a multivalent q:1 salt of bulk concentra-
tion c0, with q being the charge valency of multivalent
ions. Both the spherical shell and the charged droplet
inside it are assumed to be permeable to all the mobile
solution ions. The present model can be relevant to situa-
tions encountered within the context of charged viral cap-
sids [28, 29] as well as synthetic nano-shells [1, 30] encap-
sidating charged bio or synthetic polyelectrolytes, within
the context of nano-scaffolds confining concentrated en-
zyme droplets as nano-reactors [5] or vehicles for targeted
delivery [4], as well as in the context of compartmental-
ization for chemical engineering on the nano-scale [6].
For typical viral nano-shells the radius varies between
5 nm . R . 50 nm, with a shell thicknesses usually
between 1.5 and 4.5 nm, and can be much bigger in the
case of nano-compartments for chemical engineering, that
start as R & 50 nm. The corresponding volume charge
density of the encapsidated cargo is assumed to be neg-
ative, having a value |ρ| . 1.3 e0/nm
3, the upper bound
being typical for dense condensed DNA or other encapsi-
dated polyelectrolytes, and the surface charge density in
the range |σ| . 0.4 e0/nm
2 for virus-like nano-shells [28].
With no loss of generality, we shall take the multiva-
3Figure 1. (Color online) Schematic view of a spherical,
charged nano-droplet of uniform volume charge density ρ con-
tained in a nano-shell of radius R that may also have a surface
charge density σ. The resulting nano-container is assumed to
be permeable to mobile ions and is immersed in an asymmet-
ric electrolyte (Coulomb fluid) comprised of monovalent and
multivalent (counter-)ions (multivalent ions are shown here
by bigger red spheres).
lent ions to be positively charged, q > 0 (in most cases,
we shall assume tetravalent ions with q = 4) and thus
focus on the case with ρ < 0, but shall consider both
positive and negative values for σ. Therefore, multiva-
lent ions have opposite charge to the droplet’s volume
charge (but not necessarily to the charge on its bounding
surface or enclosing shell) and, hence, may be considered
as “counterions” belonging to the droplet.
The presence of both monovalent and multivalent ions
makes it difficult to study the system within a unified the-
oretical framework. This is because the monovalent ions
are coupled weakly to fixed charges, while the multivalent
ions can be generally coupled quite strongly. By using
advanced statistical mechanical methodology it has been
shown that the behavior of highly asymmetric mixtures
with large q > 1 [31–33] can be understood by integrat-
ing out the degrees of freedom associated with monova-
lent ions, resulting in an approach, dubbed the “dressed
multivalent ions” approach, with an effective screened
Debye-Hu¨ckel (DH) interaction between all other remain-
ing strongly-coupled charges. The corresponding inverse
Debye screening length κ in this system depends on
the bulk concentrations of both monovalent and multi-
valent ions as κ2 = 8πℓB(n0 + qc0/2) [32, 33], where
ℓB = βe
2
0/(4πεε0) is the Bjerrum length with β = 1/kBT .
Even with small monovalent ions swept into the effective
screening parameters, the problem remains a many-body
one and because of the presence of multivalent ions can
not be generally treated by usual mean-field schemes. It
may however be treated using MC simulations [31–33] as
we shall in this work.
In our MC simulations, we consider a large collection of
mobile multivalent counterions that can permeate the en-
capsidated charged droplet in a bathing solution of mono-
valent ions, which are treated implicitly, i.e., by provid-
ing a screened DH potential between explicitly modeled
multivalent ions and fixed, continuum (surface and vol-
ume) charges of the nano-container. The advantage of
this model is that it enables more efficient simulations in
the regime of parameters where the discrete nature of the
monovalent ions and solvent molecules can be neglected.
This implicit-ion approach has been tested extensively
with explicit-ions MC simulations and shown to provide
an accurate description for sufficiently large q and suffi-
ciently large (small) monovalent (multivalent) salt con-
centrations [31–33]. It breaks down outside this regime,
as well as when nonlinear charge renormalization and/or
Bjerrum pairing effects in the ionic mixture are impor-
tant [34–36]; these latter effects however turn out to be
absent or negligible in the regime of parameters that is
of concern to our discussion [31–33].
The monovalent salt concentration, n0, is varied in the
simulations in the range between 30 mM to 300 mM and
we take a small concentration c0 of multivalent q:1 salt of
the order of a few mM, in accordance with the typical val-
ues found in experiments [15, 16]. The ambient tempera-
ture is T = 300 K and the dielectric constant of the solu-
tion is taken as that of water ε = 80, giving ℓB = 0.7 nm.
We employ canonical MC simulations for dressed multi-
valent ions confined to a sufficiently large cubic volume
with the charged nano-container (nano-droplet) located
at the center and then use an iterative method in or-
der to generate a constant equilibrium “bulk” concen-
tration of multivalent ions at large separations from the
nano-container (nano-droplet), thus simulating an open
(grand-canonical) system in an efficient way.
The electrostatic part of the osmotic pressure acting
on the bounding surface of the spherical nano-container
(nano-droplet) is then obtained from
P = PDH −
〈∑
i
qi
∂ϕDH(ri)
∂V
∣∣∣
Qσ ,Qρ
〉
, (1)
where V = 4πR3/3 is the container (droplet) volume and
the partial derivatives here are to be taken at fixed values
of its total surface and volume charge, i.e., Qσ = 4πR
2σ
and Qρ = (4π/3)R
3ρ, respectively. Also, PDH is the
purely repulsive (positive) DH osmotic pressure that can
be calculated from the self-energy of the fixed charges
(see Appendix A). The second term in Eq. (1) involves
contributions from the multivalent counterions and can
be attractive (negative) or repulsive, and can thus play
a major role in the stabilization of the charged droplet
inside the shell as we show later. The screened potential,
ϕDH(r), results from the fixed charges, i.e. both the sur-
face charge of the shell and its inner volume charge, and
can be calculated from the standard DH equation (Ap-
pendix A). The averaging is performed over a sufficiently
large number of MC steps after proper equilibration of
the system.
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Figure 2. (Color online) Density profile of multivalent coun-
terions with charge valency q = 4 as a function of the radial
distance from the center of a nano-container consisting of a
shell of radius R = 5 nm and surface charge density σ encap-
sidating a charged droplet of volume charge density ρ for a)
ρ = −0.1 e0/nm
3 and σ = 0, and b) ρ = −0.1 e0/nm
3 and
three different values of σ = −0.4, 0 and +0.4 e0/nm
2. Sym-
bols show our simulation data and solid lines are the limiting
analytical “dressed multivalent-ion” results, as explained in
the text. The density profiles are rescaled by the bulk value
c0 = 1 mM and we have κ = 1.73 nm
−1 for these plots.
III. DISTRIBUTION OF MULTIVALENT
COUNTERIONS
The spatial distribution of multivalent counterions can
be determined from their radial (number) density profile
that can be calculated straightforwardly from the out-
put of MC simulations. Let us first consider the situ-
ation where the nano-container is weakly charged, i.e.
both |ρ| and σ are small. In Fig. 2, we show the ra-
dial density profile in the case of tetravalent counterions
when ρ = −0.1 e0/nm
3 and σ = 0 (panel a) and com-
pare the results for different surface charge densities on
the enclosing shell (or the outer boundary of the droplet)
σ = −0.4, 0 and +0.4 e0/nm
2 (panel b). It is clear that
multivalent counterions tend to accumulate inside the
droplet resulting in a step-like density profile when there
is no surface charge (panel a), which then falls rapidly to
the bulk concentration at large distances away from the
droplet. The presence of a finite surface charge density
changes the shape of the profile significantly across the
shell as multivalent counterions (taken to be positively
charged here) can be strongly attracted to or depleted
from the interfacial region for negative or positive sur-
face charge densities, respectively.
These results agree qualitatively with those found in
the case of empty charged nano-shells [37], where an an-
alytical “dressed multivalent-ion” approach [31–33] can
indeed accurately describe the simulation results in its
respective regime of validity, i.e., when the monovalent
(multivalent) salt concentration is large (small) enough
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Figure 3. (Color online) Rescaled density profile of multiva-
lent counterions as a function of the radial distance from the
center of a charged droplet with R = 5 nm and σ = 0 for
different salt screening parameters κ = 0.58, 1 and 1.73nm−1
and droplet charge densities ρ = −0.4,−0.7,−2.0 e0/nm
3 as
shown on the graph. Here we have q = 4, c0 = 1 mM. The
pressure acting on the surface of the nano-droplet in these
five different cases are P = −1.37,−0.241,−0.077,−0.008,
and 0.120 kBT/nm
3 from top to bottom.
and the fixed charge densities are not too large. For suf-
ficiently large salt screening parameters, shown in Fig.
2, with κ = 1.73 nm−1, equivalent to a monovalent salt
concentration of 283 mM, and tetravalent ions concen-
tration of 1 mM, we find a close agreement between
the simulated density profile (symbols) and the ana-
lytical “dressed multivalent-ion” prediction (solid lines).
The latter is based on a single-particle form c(r) =
c0 exp(−βqe0ϕDH(r)) [31–33] that follows as a leading-
order result from a virial expansion of the partition func-
tion of the system in terms of the fugacity (concentra-
tion) of multivalent ions, as the latter is usually rather
small in most experimental examples [15, 16]. This leads
to a formally simple, yet fundamentally novel approach
to such asymmetric, multicomponent Coulomb systems
[25], which combines the weak-coupling nature of mono-
valent ions and the strong-coupling aspects of multivalent
ions in a consistent way and can thus smoothly interpo-
late between the usual PB or DH limit and the standard
counterion-only strong-coupling theory introduced origi-
nally for salt-free systems [21, 23, 38]. The above analyti-
cal prediction will not be applicable as the volume charge
density of the droplet is increased further, which is the
regime of interest in this study and is, thus, accessible
only via numerical simulations.
As seen in Fig. 3 for larger values of |ρ|, the density
of multivalent counterions inside the nano-droplet is sig-
nificantly increased (by at least an order of magnitude)
as compared with its bulk value, c0. In this situation,
the ion-ion interactions (repulsions) become increasingly
more relevant and one can observe the formation of an
ordered shell structure of multivalent counterions mani-
5−0.8 −0.6 −0.4 −0.2 0
−0.2
0
0.2
ρ (e0 /nm
3)
P/
P 0
 
 
2
3
4
q (e0)
Figure 4. (Color online) Electrostatic osmotic pressure act-
ing on the nano-container (nano-droplet) bounding surface as
a function of the enclosed volume charge density, calculated
from MC simulations by using Eq. (1), for R = 5 nm, σ = 0,
κ = 0.58nm−1, q c0 = 4 mM and different multivalent counte-
rion valencies q = 2, 3 and 4. The pressure is rescaled in this
plot with P0 = 1 kBT/nm
3 ≃ 41 atm.
fested clearly by pronounced peaks in the local density
that start to develop from the outer boundary of the
spherical nano-droplet inwards. Figure 3 shows that the
peak formation is enhanced as the screening parameter
is decreased (from κ = 1.73nm−1 down to κ = 0.58nm−1
at fixed ρ = −0.4 e0/nm
3) and/or the volume charge
density is increased (up to ρ = −2.0 e0/nm
3 at fixed
κ = 0.58nm−1), both leading to stronger ion-ion correla-
tions. In fact, as one can infer from the simulated pair
distribution functions of multivalent ions (not shown),
a distinct correlation hole is formed between individual
ions inside the droplet which is indicative of a correlated
liquid-like behavior. The size of the correlation hole a,
and indeed also the distance between the peaks seen in
Fig. 3, are consistent with a naive estimate based on the
local electroneutrality condition, giving a ∼ (q/|ρ|)1/3.
IV. OSMOTIC PRESSURE
A. Charged droplet with no encapsidating shell
As noted in Section II, the electrostatic part of the
osmotic pressure acting on the bounding surface of the
charged droplet consists of two different contributions,
see Eq. (1). The DH self-energy of the fixed surface and
volume charges is clearly positive, yielding always an out-
ward osmotic pressure component. The second contribu-
tion stems from multivalent counterions and can exhibit
intriguing features that go beyond the standard mean-
field picture usually obtained in the presence of monova-
lent ions only.
In this section, we focus on the special case with σ = 0,
corresponding to a situation where the droplet has no sur-
1 2 3 4 5−0.03
−0.02
−0.01
0
c0 (mM)
P/
P 0
Figure 5. Electrostatic osmotic pressure acting on the nano-
droplet surface as a function of the bulk concentration of
multivalent counterions for R = 5 nm, σ = +0.25 e0/nm
2,
ρ = −0.4 e0/nm
3 κ = 1 nm−1 and q = 4.
face charge and/or is not encapsidated in a charged shell
(the effects of a charged shell around the droplet will be
studied later in more detail). Figure 4 shows the simu-
lated osmotic pressure as defined in Eq. (1) as a function
of the droplet’s volume charge density ρ for relatively
small salt concentration with κ = 0.58nm−1 (equiva-
lent to a monovalent salt concentration of 30 mM). For
divalent ions, the pressure is positive and decreases in
magnitude by decreasing the magnitude of ρ, obviously
reflecting the fact that the self-energy repulsion is still
dominant. In the case of trivalent and tetravalent ions,
the situation appears to be different: both show inward
(negative) osmotic pressure for large negative droplet vol-
ume charge density which gradually increases to zero and
eventually becomes positive as |ρ| is decreased (in Fig. 4,
we take qc0 = 4 mM such that κ and n0 can be kept the
same between different data sets). The effect is stronger
for tetravalent ions, showing a larger region with nega-
tive pressures but, on the other hand, trivalent ions show
an interesting non-monotonic behavior with a maximum
positive osmotic pressure in the plotted region. (Note
that negative pressure can be seen with divalent ions as
well but in a different range of parameters not discussed
here; therefore, the exact region where positive and neg-
ative osmotic pressure appears for a fixed q depends on
other parameters as well.)
A key conclusion here is that, even in the absence of a
charged encapsidating shell, a spherical charged droplet
can be stabilized simply by adding a small amount of
multivalent counterions to the solution.
Another remarkable point is that the higher the vol-
ume charge density, the stronger the negative inward os-
motic pressure, and therefore the more likely it is for
more highly charged droplets to be more stabilized by
adding the same amount of multivalent counterions! This
counter-intuitive conclusion is in stark contrast with the
mean-field wisdom which would predict a larger self-
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Figure 6. (Color online) Phase diagrams for the rescaled (electrostatic) osmotic pressure P/P0 acting on the bounding surface
of a spherical nano-droplet of radius R = 5 nm in the presence of tetravalent counterions of bulk concentration c0 = 1 mM and
at fixed parameter values: a) σ = +0.4 e0/nm
2, b) σ = −0.4 e0/nm
2, c) ρ = −0.4 e0/nm
3 and d) κ = 1 nm−1. The solid line
shows the contour line where the pressure vanishes.
repulsion and thus a stronger destabilization when a
spherical charged droplet is more highly charged.
B. Stabilization by multivalent-ion concentration
Our results in the previous Section highlight the impor-
tance of the multivalent counterion valency in generating
a stabilizing osmotic pressure on the nano-droplet. An
equally important parameter in this context is the bulk
concentration of multivalent counterions, i.e., c0 . As an
example, we show the simulated osmotic pressure acting
on a charged droplet (with ρ = −0.4 e0/nm
3) encapsi-
dated in a positively charged shell (σ = +0.25 e0/nm
2)
in Fig. 5. The osmotic pressure is positive below 1 mM
concentration of the multivalent salt, vanishes when the
concentration is slightly increased beyond this value and
becomes increasingly more negative as c0 is increased fur-
ther.
C. Encapsidation in a charged nano-shell: phase
diagrams
We now focus on the case of tetravalent counterions
(q = 4) of fixed bulk concentration of c0 = 1 mM and
investigate the role of other parameters, such as the salt
screening parameter and surface charge density of the
shell, on the electrostatic stability of an encapsidated
charged droplet. We summarize our results in phase dia-
grams such as those shown in Fig. 6, where the osmotic
(electrostatic) pressure acting on the bounding surface of
the droplet is color-coded with the vertical bar displaying
its values in units of P0 = 1 kBT/nm
3 ≃ 41 atm.
Figures 6a and b compare two different situations: in
(a) we have a negatively charged droplet encapsidated
by a positively charged shell of surface charge density
σ = +0.4 e0/nm
2, and in (b) we have the same but
with a negatively charged shell of surface charge density
σ = −0.4 e0/nm
2. These diagrams allow to compare the
osmotic pressures for different values of the salt screen-
ing parameters on the vertical axes. The solid line shows
7the separatrix between the positive and negative values
of the osmotic pressures, i.e., it shows the locus of van-
ishing osmotic pressure. Hence, the region below this
curve corresponds to the regime where the nano-droplet
is stabilized by negative osmotic pressure acting inwards,
while the region above the line corresponds to the regime
where the nano-droplet is destabilized mainly due to its
electrostatic self-repulsion.
It is thus evident that a stronger stabilization is al-
ways achieved by lowering the salt screening parameter.
When the salt screening is strong, the system is effec-
tively neutralized and the electrostatic correlations me-
diated by multivalent counterions are also strongly sup-
pressed. Again it is obvious that highly charged droplets
are more easily encapsidated by the same amount of mul-
tivalent counterions irrespective of whether the encapsi-
dating nano-shell bears negative or positive charge.
The remarkable result that follows by comparing the
plots in Figs. 6a and b is that a charged droplet of large
volume charge density is more stable and thusmore easily
encapsidated by a charged nano-shell if it carries a sur-
face charge density of the same sign as the cargo! This
counter-intuitive effect is again possible only with elec-
trostatically strongly coupled multivalent counterions.
Figure 6c displays the rescaled electrostatic osmotic
pressure for a wide range of surface charge densities |σ| <
0.4 e0/nm
2, where an inward-acting osmotic pressure on
the surface of a negatively charged nano-droplet (with
ρ = −0.4 e0/nm
3) is seen for nearly the whole interval of
surface charge density values, provided that κ . 1 nm−1.
Another interesting point is that, given the fact that
multivalent counterions are assumed to be positively
charged, a finite minimum amount of opposite (nega-
tive) volume charge is needed in order to obtain a stable
nano-droplet. This is shown by the contour line in Fig.
6d. In fact, as noted before, a shell-free nano-droplet
(σ = 0) can be self-stabilized by the attractive pressure
generated by multivalent counterions if it carries a finite
volume charge density, which, evidently, has to be of op-
posite (negative) sign. For the parameters in the figure
with κ = 1nm−1, this corresponds to ρ ≃ −0.4 e0/nm
3.
In the presence of a negatively (positively) charged shell,
this amount will be decreased (increased) in magnitude.
D. The role of nano-droplet size
It is important to note that the volume charge density
of the nano-droplet, and not its total charge, is the key
physical factor that can determine the electrostatic com-
ponent of the osmotic pressure in the presence of multiva-
lent counterions. This is because multivalent counterions
couple strongly to the local electrostatic potential when
inside the droplet. Figure 7 shows that for a constant
total droplet charge with Qρ = −209 e0 and Qσ = 0,
the negative osmotic pressure is significantly reduced in
magnitude when the droplet size is only modestly in-
creased; i.e., it increases from around P ≃ −113 atm at
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Figure 7. Rescaled (electrostatic) osmotic pressure PR =
sgn(P ′) × log
10
(1 + 100 |P ′|) (where P ′ = P/P0 with P0 =
1 kBT/nm
3) from MC simulations plotted as a function of the
nano-droplet radius R for q = 4, c0 = 1 mM, κ = 0.58 nm
−1,
σ = 0, and a constant droplet charge of Qρ = −209 e0 (equiv-
alent to a volume charge density of ρ = −0.4 e0/nm
3 if we take
R = 5 nm). The rescaling of the osmotic pressure is done in
such a way that its negative and positive values can be shown
on the same log-linear scale and points of zero pressure are
correctly represented.
R ≃ 2.5 nm and vanishes at Rc ≃ 7 nm and then turns
positive for larger droplets. The (electrostatic) osmotic
pressure exhibits an interesting non-monotonic behavior
with a maximum positive value which gradually falls off
to zero again when R is increased further.
The above behavior thus indicates that a charged
droplet of fixed total charge can collapse in the pres-
ence of multivalent counterions to a smaller size (unless
stabilized by other non-electrostatic forces) if it crosses
a “potential barrier”, which is determined by the value
of the radius, Rc, corresponding to a vanishing osmotic
pressure. Conversely, the droplet can expand and dilute
away in the solution if it is larger in size than this thresh-
old value.
V. CONCLUSION AND DISCUSSION
We investigated the effects of multivalent counterions
on the stability of a permeable, spherical charged nano-
droplet with and without an encapsidating charged shell,
immersed in an asymmetric electrolyte, consisting of a
weakly coupled monovalent and a strongly coupled mul-
tivalent salt. The former has a bulk concentration of the
order of the physiological salt concentration (∼ 100 mM),
while the latter does not exceed a few mM. Extensive MC
simulations within a primitive model, including only the
most essential features of the system, enable us to eluci-
date several quite unusual and unexpected consequences
of electrostatic interactions that emerge because of the
presence of strongly coupled multivalent counterions.
8For sufficiently highly charged droplets, multivalent
counterions are strongly accumulated inside the droplet
(with densities much larger than their bulk concentra-
tion) and form a layered structure exhibiting a series
of pronounced peaks in their radial density profile. In
this respect, the highly charged droplets with multiva-
lent counterions are similar to spherically confined plas-
mas, usually referred to as Yukawa balls [39–41]. In
this case, too, a mean-field approximation ceases to give
an adequate description of the system even for moder-
ate couplings where one observes the emergence of an
outer shell [42]. With stronger couplings and increased
screening, the deviation from the mean-field limit in-
creases leading to a formation of even more pronounced
multiple shell structure [43]. At zero temperature, the
charges then form narrow concentric shells and their
properties can be obtained from simpler onion-shell mod-
els [40, 41, 44–46]. The charges in these shells exhibit
imperfect hexagonal positional order due to the incom-
patibility between a perfect lattice and a curved sur-
face and due to the incommensurability of two adjacent
shells [44]. When approaching large clusters, the com-
petition between bulk order and spherical order becomes
more pronounced. Thus, one expects the shell forma-
tion to vanish and a regular volume order of a bcc or fcc
lattice to prevail in the core. Similar scenarios can be ex-
pected also for highly charged droplets with multivalent
counterions but in the part of the parameter space that
is unrealistic for the type of charged nano-containers and
nano-shells that we investigate here.
In the regime of incipient structurization of the multi-
valent counterions inside the nano-droplet, we also find
that the osmotic pressure acting on the bounding surface
of the droplet (or its enclosing shell) can exhibit neg-
ative values, i.e., the osmotic force is directed inwards
into the droplet, stabilizing it against breakdown. We
have shown that multivalent counterions are the reason
for this anomalous behavior and thus a large volume
charge density of the droplet coupled to the multivalent
counterions can lead to its stabilization, even in the ab-
sence of enclosing shell. This is certainly contrary to
the mean-field wisdom [47] that would predict a desta-
bilization of a charged droplet due to its electrostatic
self-repulsion as ascertained in seminal works of Rayleigh
[48] and later of Weizsa¨cker [49]. Our results on the sta-
bility of charged spherical aggregates in the presence of
strongly coupled (multivalent) counterions show that no
additional short-range attractive interaction is needed to
stabilize charged aggregates [47]. The attractive (elec-
trostatic) osmotic pressure component, originating in the
mobile multivalent counterions, is enough to stabilize the
charged droplet.
Another remarkable finding is that a charged droplet is
more easily encapsidated (exhibiting a lower free energy)
if its volume charge is more densely packed, provided that
only a small amount of multivalent counterions is present
in the system, and that a more stable encapsidation is
achieved by an enclosing shell whose surface charge has
the same sign as the charged droplet itself. This effect,
too, is connected with the strong electrostatic interac-
tions mediated by the multivalent ions and can not be
rationalized within a mean-field-type argumentation. We
will present a more detailed analysis of the stabilization
phenomenon elsewhere.
The main lesson of our study is that the presence of
an electrostatically strongly coupled component in the
bathing electrolyte solution can fundamentally change
the stability properties of charged aggregates introduc-
ing counter-intuitive parameter dependencies that can
not be understood within the confines of the standard
mean-field paradigm.
ACKNOWLEDGMENTS
A.N. acknowledges support from the Royal Society, the
Royal Academy of Engineering, and the British Academy.
A.L.B. and R.P. acknowledge support from the ARRS
Grants No. P1-0055 and J1-4297.
Appendix A: Calculation of ϕDH and PDH
The screened potential, ϕDH(r), results from the fixed
charges, i.e. both the surface charge of the nano-shell and
the inner volume charge of the nano-droplet, and can be
calculated from the standard DH equation. The potential
for the exterior region, ϕ> = ϕDH(r > R), must satisfy
the DH equation,
(∇2 − κ2)ϕ> = 0, (A1)
but the potential inside the nano-container (nano-
droplet), ϕ< = ϕDH(r 6 R), has to satisfy the non-
homogeneous DH equation,
(∇2 − κ2)ϕ< = −
ρ
ǫǫ0
. (A2)
The boundary conditions are as follows: ϕ< has to be
finite at the origin, whereas ϕ> has to go to zero at in-
finity. Both potentials must take on the same value at
r = R, and their derivatives must satisfy
∂ϕ<
∂r
−
∂ϕ>
∂r
∣∣∣∣∣
r=R
=
σ
ǫǫ0
. (A3)
The solution to these equations is obtained as
ϕ<(r) =
sinhκr
r
σκ2R − ρ(1 + κR)
κ3ǫǫ0(coshκR+ sinhκR)
+
ρ
κ2ǫǫ0
,
(A4)
and
ϕ>(r) =
e−κ(r−R)
r
(
ρR
κ2ǫǫ0
+
σκ2R− ρ(1 + κR)
κ3ǫǫ0(1 + cothκR)
)
.
(A5)
9Hence, the DH self-energy of the fixed charges can be
expressed as
FDH =
4π
2
∫ R
0
ρϕ<(r)r
2dr +
Qσϕ(R)
2
, (A6)
where Qσ = 4πR
2σ is the total surface charge of the
enclosing shell, and
ϕ(R) =
σ
κǫǫ0(1 + cothκR)
+
ρ
κ2ǫǫ0
(
1−
1 + κR
κR(1 + cothκR)
)
. (A7)
Thus the full DH expression for FDH follows as
FDH =
2πR2σ2
κǫǫ0(1 + cothκR)
+
2πR2σρ
κ2ǫǫ0
(
1−
1 + κR
κR(1 + cothκR)
)
+
2πR3ρ2
3κ2ǫǫ0
+ 2πρ
σκ2R− ρ(1 + κR)
κ3ǫǫ0(1 + tanhκR)
κR− tanhκR
κ2
. (A8)
The electrostatic (osmotic) pressure acting on the bound-
ing surface of the spherical nano-container (nano-droplet)
can be obtained from PDH = −∂FDH/∂V , where V =
4πR3/3 is the container (droplet) volume.
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